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Associated with each standard positivity preserving semigroup is a generalized 
path space. The Feynman-Kac-Nelson formula on path space combined with 
hypercontractivity of the semigroup allows the control of highly singular 
perturbations. Applications are given to the Schrijdinger equation and quantum 
field models, including a generalized space cutoff P(-& interaction, P(+(O)), , 
and a finite volume (I/@)~ interaction. 
INTRODUCTION 
The theory of perturbations of hypercontractive semigroups has 
been developed by Segal [26, 271 (see also Simon and Hoegh-Krohn 
[37] and Guerra, Rosen, and Simon [15]) in connection with the 
construction of quantum field models, particularly the P($)a models 
where hypercontractive estimates had been obtained by Nelson 
[20], Glimm [S], Rosen [25], Segal [27], and Klein [17]. The semi- 
groups involved were always also positivity preserving, which was 
exploited by Nelson [21-231, who introduced a “generalized path 
space” (the Euclidean fields) satisfying the Markov property, and 
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obtained a Feynman-Kac formula. Guerra, Rosen, and Simon [15] 
translated the theory of hypercontractive semigroups into the language 
of Euclidean fields and the Feynman-Kac-Nelson formula. We extend 
the theory of hypercontractive positivity preserving semigroups to 
handle certain more singular perturbations giving a variety of applica- 
tions. 
The basic framework is characterized by two properties of the 
semigroup PO(t) = e-tHo: positivity preserving and hypercontractivity. 
The first allows a probabilistic interpretation and the application 
of Markov techniques leading to the Feynman-Kac-Nelson formula. 
The second permits the control of highly singular perturbations by 
L,-estimates. 
The free Hamiltonian H, is a positive self-adjoint operator that 
can be thought of as acting on an L, space, and such that P,(t) = e-lHo 
is positivity preserving and leaves the function 1 invariant. This 
allows the construction of a generalized path space and the use of 
the Feynman-Kac formula to study Ha + V, where V is a multiplica- 
tion operator by a positive function. The hypercontractivity of 
e-6Ho, which means that e--lHo is “LP-improving”, leads to an improved 
Holder’s inequality in the generalized path space and allows the 
replacement of the condition V >, 0 (i.e., e--y EL,) by the much 
weaker condition e+’ ELM , for a suitable p < co. In fact, the 
Feynman-Kac-Nelson formula allows the treatment of still more 
singular perturbations, for instance two-dimensional field Hamil- 
tonians of the form H = H,, + 3($(O)):, where the perturbation 
9(4(O)): is not an operator but nevertheless leads to a well-defined 
Feynman-Kac-Nelson kernel. 
In Section I we construct the generalized path space for a standard 
positivity preserving semigroup and the corresponding Feynman- 
Kac-Nelson formula for positive perturbations. In Section II hyper- 
contractivity is studied in the context of the generalized path space 
and particular attention is given to the precise L, properties required 
of the Feynman-Kac-Nelson kernel associated with the perturba- 
tion. 
Section III has applications to the Schrodinger equation. Section IV 
deals with applications to quantum field theory models. We treat the 
Pi model with a generalized space cutoff: 
H = Ho + j dv(s) :P(+(x)):, 
where v is a finite measure on the real line, in particular Ho + 9(4(O)):. 
We also study the (+“)a model and the (JI”+), model with a space 
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cutoff. These models do not satisfy the usual regularity conditions 
associated with the P(+)z models. 
PART 1. GENERAL THEORY 
I. POSITIVITY PRESERVING SEMIGROUPS 
1. The Generalized Path Space 
Let M be a u-finite measure space with measure p0 . 
DEFINITION 1.1. A standard positivity preserving semigroup P,,(t) 
on M is a semigroup on L,(M) such that 
(i) P,(t) is p osi ivi y t t preserving: P,(t)f > 0 if f > 0, for all 
t 3 0; 
t > $9 pIIt ) 1 t eaves the function 1 invariant: P,,(t)1 = 1 for all 
I ; 
(iii) P,(t) is self-adjoint: Jf(P,,(t)g) dp, = J(P,,(t)f)g dp, for 
all f,g 3 0; 
(iv) P,,(t) is strongly continuous in measure on L, n L,: As 
t + 0, Pdt)f + f in measure for each f E L, n L, . 
Remark. If A is a mapping taking simple functions into measurable 
functions satisfying (i) and (iii) above, then A can be extended to a 
mapping of all positive measurable functions into themselves. If 
(ii) is then true it follows that 11 Af lloo < llfllrn (see the proof of 
Proposition 1.2) and thus we can take A to be an operator on L,(M) 
without any loss of generality. 
PROPOSITION 1.2. Let P,,(t) be a standard positivity preserving 
semigroup on M. Then 
(i) (Simon and Hoegh-Krohn [37]). P,(t) can be extended to 
a contraction semigroup on L,(M) for 1 < p < CO, such that 
for allf EL,(M), g EL*,(M), where (l/p) + (l/p’) = 1. 
(ii) (Simon [35]). P,(t) is strongly continuous in L,(M) for 
1 < p < a (1 < p < CO if M is a jnite measure space). 
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(iii) There exists a positive self-aa’joint operator H,, in L,(M) 
such that P,(t) = e- lHo. If 1 E L,(M), then HJ = 0. 
Proof. (i) Let A be an operator on L,(M) satisfying (i), (ii), and 
(iii) of Definition 1.1. Let f EL,(M) be real valued. Then --l\fllml < 
f < /If /I,1 and thus by (i) and (ii) of Definition I .I it follows that 
-/If I\,1 < Af < 11 f /I,1 and so (1 Af Ijm < I/f /Im . It follows that if 
g E L,(M) is complex valued, /I Ag Ilrn 6 v’/z jj g /lu: and thus A is 
bounded in L,(M). Let g = xr=“=, cigi , where the gi’s are charac- 
teristic functions with disjoint supports and the ci’s are complex 
numbers. Then I Ag I < 2 I ci I 4 = A I g 1, so I! Ag llm < 
II A I g ilL d II g IL . 
As such g are dense in L,(M) and A is bounded, A is a contraction. 
By (iii) and duality, A is a contraction on L,(M) n L,(M) and by the 
Riesz-Thorin theorem it can be extended to a contraction on all Ln , 
I <p<m. 
(ii) As P,(t) is a contraction semigroup on all Lp , 1 < p < 00, 
it suffices to prove strong continuity on a dense set, say L, n L, . 
Letf+ nLm ,fi = pdt)f. Thenllft/I, < Ilfll, and ifp > 1, 
As f(-+f in measure, llfl--fll,-O for co >p > 1. If p = 1, 
llfi-flll~~llfIl~~L(Ifi-fI >,~}+~S1~~~~andsoIIf,-ffjl,-tO 
if M is a finite measure space. 
(iii) A general result on strongly continuous self-adjoint 
semigroups. 1 
DEFINITION I .3. A generalized path space ((Q, .Z, p), Z,, , U(t), R) 
consists of 
(i) a measure space (Q, 22, cc), 
(ii) a distinguished sub u-algebra & , 
(iii) a one-parameter group U(t) of measure preserving auto- 
morphisms of L,(Q, 2,~) which are strongly continuous in measure. 
(iv) Markov property: Let C, = U(t)& , .Zca,~l = a-algebra 
generated by Ule~a,b~ zl , -C = &,,m~ , 2 = ,L,,,I , and let Et , 
Efa,~l , E+ , E- be the corresponding conditional expectations. Then 
E& = E+E,,E- . 
580/20/1-4 
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(v) Reflection property: R is a measure preserving auto- 
morphism of L&J, Z, p) such that R2 = I, RE, = E,,R = E,, , and 
RU(t) = U(-t)R. 
The generalized path space is called minimal if in addition it 
satisfies 
(vi) Z is generated by Utsa 2, . 
Remark. It follows by the argument in the proof of Proposition 1.2 
that U(t) is strongly continuous on L,(Q, L?, p) for 1 < p < 00 
(1 < P < 00 if (Q, & P) is a finite measure space). 
THEOREM 1.4 (Nelson [22]). Let ((Q, 2, CL), Z,, , U(t), R) be a 
generalized path space. Then P,(t) s E,, U( - t)Eo is a standard positivity 
preserving semigroup on (Q, Z,, , p). 
Proof. Properties (i) and (ii) of Definition 1.1 are obvious. 
Property (iv). p(lf I 2 c) < ((l/c) Ilf II,YJ for any P < co. 
Therefore strong continuity in any Lp implies continuity in measure. 
Property (iii). 
P,,(t)* = EJ(t) E, = E&(t) RE,, = E,RU(--t) E. = E,,U(--t) E, = PO(t) 
by the reflection property. 
To prove the semigroup property, let us first notice that 
U(t) E,U(-t) = E, and that the Markov property implies E,E,,E-, = 
E,E-, for t, s > 0. Thus, if t, s > 0, 
P,,(t) PO(s) = E,U(--t) E,U(-s) E, = U(-t) E,E,,E+U(s) 
= E,,U(--t) U(--s) E,, = E,,U(-(t + s)) E, = P,,(t + s). 1 
COROLLARY 1.5. Let ((Q, Z, p), 4, , U(t), R) be a generalized path 
space, and let P,,(t) = E,, U( - t)E,, , t > 0. Let fi ,..., f, be positive 
functions measurable with respect to 2$, , ft, = U(tJfi , where t, < 
t, < -** < t, . Then 
where M, denotes the operator multiplication by f. 
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= J U(&J[fnU(tn-1 - t,)[fn-lU(L2 - Ll)[**~.fiu(~l - Will ...I 4 
= J *fnEoU(-(tn - c-1) Eo[fn-&,U(-(L~ - Lz) 
x .&[~~~.f,W-(~, - ~1 ~%fill~~~ldcl 
= s M$,,(t, - ~-1) &,J’&-1 - tn-2) ... M$o(tz - td WI1 4, 
where we used the properties of U(t) plus the Markov property 
and Theorem 1.4. 1 
DEFINITION 1.6. Let P,,(t) b e a standard positivity preserving 
semigroup on M. A generalized path space for P,(t) is a generalized 
path space ((Q, 2, P), 4, u(t), R) such that there exists a measure 
preserving isomorphism j from L,(M) onto L&I, ZO , p) such that 
jP,(t)j-1 = E,U(-t)EO. 
Remark. Notice that the total measure of (Q, Z, p) is the same 
as that of M. Also, as M is u-finite, so is ($2, ZO, p) and thus (Q, Z:, p). 
PROPOSITION 1.7. A minimal generalized path space for a positivity 
preserving semigroup P,,(t) is unique up to isomorphism. 
Proof. Suppose ((Qi , Zi , pi), ZOi , Ui(t), Ri), i = 1, 2, are gen- 
eralized path spaces for P,(t), and let ji be the corresponding L, 
isomorphism. Then jr, = j,jc’ is an isomorphism of L,(,&) onto 
Lm(ZOz). Define jia = Uz(t)j,jcl U,( - t) as an isomorphism of 
L,(Ztl) onto Lm(Zla). Because 2 is generated by ut Z’, , and because 
the generalized path spaces are both over P,(t), we can use Corol- 
lary 1.5 and the isomorphism can be extended to an isomorphism 
from L,,(ZI) onto LP(C2) for all p, 1 < p < cb. 1 
We now want to prove a converse to Theorem I .4. 
THEOREM 1.8. Let P,,(t) be a standard positivity preserving semi- 
group over the u-finite measure space M. Then there exists a generalized 
path space for P,(t). If M is a probability space, then so is the generalized 
path space. 
LEMMA 1.9. Let Q,, be a compact Hausdorff space, pO a a-finite 
measure on the Baire sets of QO . Suppose P,(t) is a positivity preserving 
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semigroup on C(Q,) 1 eaving the function 1 invariant. Then there exists 
a o-Jinite Baire measure p on the compact Hausdorff space Q = 
XIsR Q1 , where Qt is a copy of Q,, for each t, such that for -s, < .** < 
-s1<O<t,< *** < t, , and for positive g, , . . . . g, , fl , . . . . f, E C(Q,,), 
s dz(--slN *** &&--Sm))f1(&)) -*f&W 444) 
= J (P&l) w$o(% - 5) wT2 ... ~o(Srn - sm-1) ~,ml)(~o(tl) 
x Mfl *.- P&n - tn-1) MfJ) 4% 7 
where &I, denotes the operator multiplication by f. 
(*) 
Proof. Assume first that pO is a finite measure. Let II(Q) be the 
set of functions on Q of the form F(q) = n:‘, f&(Q), where 
fi E C(Q,) and let 9(Q) be the set of finite linear combinations of 
elements of II(Q). By the Stone-Weierstrass theorem, 9(Q) is dense 
in C(Q). For F E n(Q), J’(q) = gdd-4) *-a g&(--sm))fi(dtl)) *** 
fn(dtn))> -%n G *-- < -sl < 0 ,< t, < --- < t,, define p(F) by 
the right-hand side of (*). We extend p to 6”(Q) by linearity. We 
claim p is a positive linear functional on Y(Q) (and thus well defined). 
Let F E 2?(Q); then F can always be written in the form 
F(q) = f: gidd--s,)) .-* gim(q(--Sm))fil(q(tl)) ~-~fink(tn)), 
i=l 
(A(& , &&-p)(q) = 2 g&C--sl) . ..fin-l(q(tn-l))(Po(t. - Llvink(h+1N~ 
i=l 
(B(s, > sm-1 F’)(q) = f: g,M--slN *** gim-dd--sm-1)) 
i=l 
x (~&m-1  4 gIm)(q(--Sm-l)lfil(4(tl)) -*f&w* 
Both A(& , b) and B(sm , s,-d are positivity preserving, since 
P,,(t) is. Then p(F) can be written in the form 
p(F) = i j (B(s, 90) -** B(s m , h-1) 41 , 0) -*. &, 9 Llmdw 44!dw 
i=l 
and so it is a positive linear functional and can then be extended by 
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continuity to C(Q), so there exists a finite Baire measure p on Q 
(by the Riesz-Markov theorem) such that 
P(F) = j-F& for all FE ?Z’($l). 
Now consider the general case of a u-finite measure p,, , p,, = 
CT=, poi , where poi is a finite measure. Let pi be the measure on Q 
obtained from pFLoi by the preceding construction. Then TV = CT!, pi 
is a u-finite measure on the Baire sets of Q, such that (*) holds. 1 
Proof of Theorem. By the Gelfand-Naimark theorem (e.g., Segal 
and Kunze [31]) there exists an isomorphism i of L,(M) onto C(QJ 
where QO, the spectrum of the C*-algebra L,(M), is a compact 
Hausdorff space. Let v be the measure on M. As v is a-finite, v = 
CL vi 3 where the vi are disjoint finite measures. By the Riesz- 
Markov theorem there exist disjoint finite measures poi on the Baire 
a-algebra &, of Q0 such that J (jf) dpoi = Jf dvi for f E L,(M). Let 
PO = CL Poi * Then p. is a a-finite measure on the Baire sets of Q,, , 
such that J(jf) dp,, = Jf d v f or all positive f EL,(M). It follows that 
we can identify M with (Q. , Z. , po) and L,(M) with C(Q,) = 
UQo > ~0). 
Let Q be as in Lemma 1.9, Z the Baire o-algebra on Q, and let 
p be the measure on Z obtained by Lemma 1.9. Then for t, < 
t, < ... < t,, , fi ... fn E C(Qo) and positive, 
This follows from (*) by use of the fact that P,(t) is self-adjoint. 
Let us now define the point transformations on Q by [U(s)q](t) = 
s(t - $1, [%?l(t) = 4(-Q and for f a Baire measurable function 
on Q, [W)f I(4 = f(V--skh [Rf l(d = f(Q). Then WI and R 
are measure preserving transformations (from (**)). As PO(t) is 
strongly continuous on L,(Qo , Z. , po), it follows from (**) that 
U(t) is weakly continuous on L,(Q, E, p) and thus strongly con- 
tinuous. Therefore it is strongly continuous in measure. We can 
identify Z0 with the sub u-algebra of Z generated by the functions 
f E C(Q) such that f (4) = F(q(0)). It is also evident from (**) that 
E,U( -t)E, = P,(t). The other properties of U(t) and R are also 
immediate. To complete the proof it is enough to prove the Markov 
property. This again follows from (**) by an explicit calculation: 
52 KLEIN AND LANDAU 
Let F(p) = f,(a(t,)) ---fl(p(tl)), fi E C@,) positive for tl < t, < 
*.a < t, < 0. Then (**) implies 
E&F = E+F = Po(-t,) Mf, a.. Mf,Po(t2 - tJ MfI1, 
which is measurable with respect to ZO. This leads to E+G = 
E,E+E- = E,E- , so E+G = E+E,E- . 1 
Remark. The Markov property already holds in the context of 
Lemma 1.9. 
Remark. The construction in Lemma 1.9 is based on Nelson’s 
discussion of Wiener measure [24]. Simon [33] used these ideas to 
construct the generalized path space when M is a probability space. 
For the standard probability literature on the construction of Markov 
processes, see Dynkin [Z]. 
2. The Feynman-Kac-Nelson Formula 
Having constructed the generalized path space, one may then 
construct semigroups by the Feynman-Kac-Nelson formula. Let 
PO(t) = e+‘o be a standard positivity preserving semigroup on the 
a-finite measure space M, and ((Q, Z, p), E0 , U(s), R) a generalized 
path space for P,(t). We can take M = (Q, C, , p) without loss of 
generality. As motivation we recall the derivation of the Feynman-Kac 
formula for a bounded potential based on the Trotter product 
formula (Nelson [24]; see also Ginibre [7], Guerra, Rosen, and 
Simon [ 151). 
PROPOSITION 2.1. Let V E L,(M). Then 
e -t (H&+ V) = E,,U(-t) exp (-I V(s) ds) E,, 
where V(s) = U(s)V. 
Proof. By the Trotter product formula, 
-‘fHdY) e = strongslim (e-(t’n)H~e-(t’n) “)” = s-lim (Eou(--t/n) Eoe-(t’n) “)” 
12-m 
= s-lim E,U(-t) E~n-l)(t,n)e-(tln)V(‘n-l)o)EfR-2)(tl~~ .** 
x Ewe- (t/n)v(t/n,EOe-(t/n)v(0) 
= s-lim E,U(-t) exp (-z:r V ($)) E, 
= E,U(-t) exp (-Jot V(s) d”) E, , 
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where the Markov property has been used to eliminate the projections 
ES that appear in the expressions. i 
We are thus lead to 
DEFINITION 2.2. A Feynman-Kac-Nelson (FKN) kernel is a 
family {FL~,~~} of real measurable functions Fta,~l on (Q, Z, p), for all 
a, b E [w, a < b, such that 
(i) FL~,J is measurable with respect to Zlcn,~l . Moreover, 
J’[,,,lg EL, for all g EL, n L , and II J’[,,,lg - F[,,,lg IL - 0 as c - b. 
(ii> ~Lz,bl > 0. 
(iii> %,~I%~I = %d if a<b<c. 
(iv> u(s) FUI = F~~+~,b+d . 
(4 ~~ta,iJ1 = Fr-b&l * 
If )/ Ftn,~l I/m is uniformly bounded for b - a small, we say Fc~,~I is a 
bounded FKN kernel. 
Remark. If (Q, Z, TV) is a probability space, taking g = 1 implies 
by (i) that FE~,~I EL, and FL,,,] - Fta,bl in L, as c -+ b. 
THEOREM 2.3. Let {FF~,~,) be a bounded FKN kernel. Then 
P(t) = WJ--t)4,,,14 9 t 2 0, 
is a semigroup on all L,(M), 1 < p < CO, strongly continuous for 
1 < p < 00 (1 < p < CO if M is a probability space) such that 
(i) P(t) is positivity preserving, 
(ii) P(t) is seZf-adjoint, 
(iii) there exists a self-adjoint operator H on L,(M) bounded from 
below, such that P(t) = e--tH. 
Proof. P(t) is clearly a bounded operator in all L,(M) satisfying 
(i) and (ii). The semigroup property follows as in the proof of 
Theorem 2.4 below. The strong continuity follows from the same 
property for U(t) plus (i) of Definition 2.2. 1 
Remark. P(t) satisfies all the conditions for a standard positivity 
preserving semigroup except for leaving the function 1 invariant. 
THEOREM 2.4. Let (F~,,,J} be un FKN kernel and let P(t) = 
wJ(--t) ~~o,,l-@% . Let A%+ denote the set of equivalence classes of 
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positive measurable functions over M. Then P(t) is a self-aa!joint 
semigroup on A+ . 
Proof. P(t) clearly maps &+ into itself by properties of the 
conditional expectation and U(t) plus Definition 2.2(ii). The semi- 
group property follows from the Markov property plus Definition 2.2 
(iii) and (iv): 
The self-adjointness follows from the reflection property plus Defini- 
tion 2.2 (iv) and (v): 
DEFINITION 2.5. We call P(t) = E,,U( - t) FL,, t$$-, the Feynman- 
Kac-Nelson (FKN) formula, and P(t) the Feynman-Kac-Nelson 
(FKN) semigroup associated with the FKN kernel (Ft,,,j}. 
PROPOSITION 2.6. P(t) maps L, A L,(M) into L,(M) and is strongly 
continuous in t. 
Proof. By Definition 2.2(i), P(t) maps L, n L, into L, . By the 
semigroup property plus the self-adjointness of P(t), 
To prove the strong continuity it suffices again, by the semigroup 
property, to show (f, P(t)g) is continuous in t for f, g EL, n L, . 
Indeed, with t > t’, 
I<f, P’(t) - W’)lg)l G llfllm IlPro.t~ - Fr,,tdg /II 
+ I<(u(t - f) - l)f, UC-t’)%,m)l. 
The first term goes to zero as 1 t - t’ 1 -+ 0 by Definition 2.2(i) and, 
by the Markov property, the second term equals 
WV - f> - 1lA Wlg)l < IIPW - t’) - Wll, IIFl,,,,,lg ll:‘211g llY2, 
which goes to zero by Definition 2.2(i) and the strong continuity 
of U(t) in L, . 1 
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THEOREM 2.7. If there exists a T such that P(T) is a bounded 
operator on L, , then P(t) is a strongly continuous semigroup of bounded 
operators on L, such that 11 P(t)lj < Cl for some constant c. There 
exists then a self-adjoint operator H on L, , H 3 --In C, such that 
P(t) = e-lH. 
Proof. P(T) is a positive self-adjoint operator ((f, P(T) f) = 
I/ P( T/2)f I/$ by the semigroup property for f E L, n L,) and thus 
we can consider P(T)k/2”, where k and n are integers. But by the 
semigroup property P(T)“12” = P( Tk/2n). Thus if I/ P( T)ll = CT, 
11 P(Tk/2”)11 < CTk/2n. Now {Tk/2”; k, n E N} is dense in [0, m). 
As P(t) is strongly continuous in t as a map from L, n L, to L, 
(Proposition 2.6), it follows that II P(t)lj < CL for all t, and P(t) 
is a strongly continuous semigroup on L, . 1 
3. Positive Perturbations 
Let ((Q, z:, P), 4, , U(s), R) b e a generalized path space for P,(t), 
and let V be a real function measurable with respect to Z0 and V(s) = 
U(s)V. We want to define exp[-Ji V(s) ds] and impose conditions 
to make it an FKN kernel. 
LEMMA 3.1. (i) Let A’+ be the set of equivalence classes of positive 
measurable functions on (Q, C, p) and let v be some Baire measure on 58. 
Then I, = J dv(s) U( ) s can be deJined as a mapping of A+ into itself. 
(ii) If v is a Jinite measure, I, can be extended to all Lg , 1 < 
P G ~0, and II 4f Ilp G 4% llf Ilp . 
Proof. (i) If f, g EL, n L, , then (g, U(s)f) is a continuous 
function of s. A limiting argument then shows that (G, U(s)F) = 
J GU(s)F dp is a measurable function of s for F, G E JZY+ . We can then 
define I,F = J dv(s) U(s)F by (G, I,F) = J dv(s)(G, U(s)F). Such I,F 
exists and is unique by the Radon-Nikodym theorem. Such a formula 
also implies (ii). fi 
LEMMA 3.2. Let FE 4+ and suppose Ji ds U(s)F is jinite almost 
everywhere for some T > 0. Then Ji ds U(s)F is$nite almost everywhere 
for all t and Ji ds U(s)F L 0 pointwise almost everywhere as t \ 0. 
Proof. As Jf, ds U(s)F < J’i ds U(s)F for t < T, Ji a’s U(s)F is 
finite a.e. for t < T. Since SF” ds U(s)F = C,“li U(kt) Ji ds U(s)F, 
Ji ds U(s)F is finite a.e. for every t > 0. Now 1: ds U(s)F monotone 
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decreases when t ‘X 0 and thus converges pointwise to say F,, . We 
want to show Fo = 0 almost everywhere. Since Ji ds U(s)F is finite 
a.e. there exists a G > 0 such that (G, Ji ds U(s)F) < M < co. 
This implies (dominated convergence) that (G, Ji ds U(s)F) L 0 as 
t L 0. Therefore (G, F,) = 0 and F, must be zero a.e. 1 
Remark. If FE Lp , 1 < p < 00, $, ds U(s)F -+ 0 pointwise a.e. 
as t --t 0, by the estimate of Lemma 3.l(ii) 11 Ji ds U(s)F lip < t 11 F Ilp 
and linearity. Let us now apply these lemmas to the case of a real 
function I’ measurable with respect to Z0 such that I’ is bounded 
from below. It is enough to consider V > 0. 
PROPOSITION 3.3. Let V be a positive function measurable with 
respect to Z,, such that Ji V(s) ds is finite ae. for some T > 0 (e.g., 
V E Lp for some p, 1 < p < co), and let FL~,J = exp( -Jt V(s) ds). 
Then (Fc,,~~) is a bounded FKN kernel. 
Proof. By Lemma 3.2, Jz V(s) ds is finite a.e. for all a and b, and 
I( F[a,b~ (Im < 1 as V >, 0. By Lemma 3.2, Ji V(s) ds L 0 pointwise 
as t L 0 and this then implies property (i) of Definition 2.2. Properties 
(ii) through (v) follow immediately. 1 
THEOREM 3.4. Let P,,(t) = e- lHo be a standard positivity preserving 
semigroup with the associated generalized path space ((Q, Z, TV), A’,, , 
U(s), R). Let V be a positive function measurable with respect to A’,, , 
such that for some T > 0, JOT V(s) ds is jinite almost everywhere (e.g., 
VEL,, somep, 1 <p < co). Then P(t) = E,,U(-t) exp(-Ji V(s) ds)E, 
is a strongly continuous self-adjoint positivity preserving semigroup on 
all L,(Q, Z,, , ,u) for 1 < p < CQ (1 < p < 00 if TV is a probability 
measure). In particular, there exists a self-adjoint operator H on 
L,(Q, Zo , ,u) bounded from below, such that P(t) = e-l”. Moreover: 
(i) If VEL,forsomep, l<p<co(l<p<c0ifpisa 
probability measure), then H is a self-adjoint restriction of the form 
sum of Ho and V. 
(ii) If V E Lp , for some p > 2, then H,, + V is essentially self- 
adjoint and H = (H, + V)-. In fact &(HJ n CB( V) is a core for H 
(&(H,,) are the analytic vectors for H, .) 
Proof. By Proposition 3.3, P(t) satisfies the hypothesis of Theo- 
rem 2.3, so P(t) = e- lH. Let VEL, for some p, 1 < p < co. Let 
22 = e-k(L, r\ L,). Th en 9 is a core for H. We will need: 
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LEMMA 3.5. Let V > 0. If V E Lp for some p, 1 < p < GO 
(1 < p < 00 if p is a probability measure), then 
in L, as t---f 0. If VEL, and f ELzl for some p, 1 <p -=c co 
(1 < p < CO if p is a probability measure), then 
f [exp (-lot V(s) ds) - 11-f+ vj 
in L3, as t -+ 0. 
Proof. 
+ [exp i--l V(s)ds) - l] = - fS,“& V(‘(~)exp (- J: V(r)&). 
Now if VczL, for somep, 1 <p < co, 
11 W =P (- jos W> dr) - v lip < IjFW - VI exp (-jos W) dr)i!, 
The first term goes to zero by the strong continuity of U(s) in Lp 
and exp( -Ji V(s) ds) < 1. The second approaches zero by dominated 
convergence, since exp(-li V(s) ds) --+ 1 as t -+ 0. Now suppose 
VEL,) fEL,. 
+ 11 v [exp (-so” V(y) d’) - 1] .fiJ . 
B 
The second term approaches zero by dominated convergence, and 
the first term is < II[U(s) - l] Vf &, + 11 V Ijm I/[ U(s) - l]f IjP , which 
goes to zero by the strong continuity of U(s) in LI, . 1 
We can now finish the proof of the theorem. 9 CL, n L, (as 
exp(-.fA V(s) 4 d 11, so B is contained in the form domain of V. 
Lemma 3.5 implies that (f, ((ediHo - e&H)/t) f) converges to (f, Vf) 
for any f E 9 and thus is contained in the form domain of H, and 
H r 9 = Ho + V as a sum of forms. Let us now assume V E Lp 
for some p > 2. Then Lemma 3.5 implies ((e-” - e-l”o)/t)f converges 
inL,to VfforanyfE9andthus9CC(H0)andHr9 = H,,+ V. 
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That &(H,) n 9(V) is a core for H is a result due to Simon [35]: 
As e-tHo is a contraction on all L2, , 1 < p < 00, e--tHog C d(H,,) n 
$B( V). The result now follows from the strong continuity of e--tHO 
on Lp , 1 < p < co (see also proof of Lemma 6.4). 1 
Remark. The proof of Theorem 3.4 is patterned after similar 
proofs which use hypercontractivity (Simon and Hoegh-Krohn [37]). 
For positive perturbations hypercontractivity is not needed. Similar 
results have been obtained by Faris [4], using form techniques, 
and by Semenov [32], using the Trotter product formula. 
4. Uniqueness of the Ground State 
Let P(t) be an FKN semigroup obtained by either Theorem 2.3 
or 2.7. Let E be the infimum of the spectrum of H. A ground state 
of H is an eigenvector of H with eigenvalue E. We recall here the 
discussion of the uniqueness of the ground state of H based on the 
Perron-Frobenius theorem. The versions in the literature either 
require the irreducibility of P(t) u L, (Segal [27]; see also Simon 
and Hoegh-Krohn [37]) or ergodicity (Glimm and Jaffe [9]) or 
positivity improving (Faris [5]). Ando [I] has proved the equivalence 
of irreducibility and ergodicity and Simon [34] has shown the 
equivalence of ergodicity and positivity improving. 
THEOREM 4.1. Let P(t) be a strongly continuous self-&joint positivity 
preserving semigroup. Then the following conditions are equivalent. 
(i) P(t) U L, is irreducible for some t > 0; i.e., any bounded 
operator commuting with P(t) and L, is a multiple of the identity. 
(ii) P(t) is ergodic; i.e., given f, g 2 0, f 0, f, g EL, , there 
exists a t such that (f, P(t)g) # 0. 
(iii) P,(t) is positivity improving; i.e., if f >, 0, $0, then 
Pdt)f > 0. 
Proof. Clearly (iii) + (ii) 5 (i). Simon [34] has shown (ii) j (iii). 
Let us prove (i) * (ii) (see Ando [l]; also Gross [13]). 
Let fEL2, f 20, $0, and let S, ={gEL,:(f,P(t)Ig\) =0 
for all t >,O ). S, is a linear subset ofL, (as P(t) is positivity preserving). 
Let g E S, ; then 
<h W) I Wig I> G <f7 P(t + 41 g I> = 0 for all s 3 0 
and 
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Here we use / P(t)g j < p(t) 1 g / (see proof of Proposition 1.2). 
Thus S, is left invariant by P(t) u L, , so by (i), S, is either L, 
or (0). As f f 0, S, = (0). 1 
PROPOSITION 4.2. Let P,(t) be a standard positivity preserving 
semigroup such that the function 1 is the only L, function invariant 
under P,,(t). Then PO(t) is positivity improving. 
Proof. We will show that PO(t) u L, is irreducible and thus 
positivity improving follows by Theorem 4.1. 
Let b be a projection commuting with P,,(t) u L, . Since L, is 
maximal abelian, b is multiplication by a characteristic function. 
Now by assumption, for any f E L, , 
@&)f = p,(t) b! (*I 
Since b and PO(t) are both contractions on L, , and L, n L, is dense 
in L, , we can extend (*) to all f E L, . By duality (*) holds on L, 
and therefore putting f = 1 we see that bl is left invariant by P,,(t) 
and so it is a multiple of 1. Thus b = 0 or 1. 1 
LEMMA 4.3 (Simon [34]). Let P,(t) b e a standard positivity preserving 
semigroup and let P(t) be an FKN semigroup constructed from it. Then 
if PO(t) is positivity improving, so is P(t). 
Proof. Follows from (f, P(t)g) = 0 e (f, PO(t)g) = 0 forf,g > 0. 
Indeed, 
(f9 P(W = 0 - j Pwlhulg 4 = 0 * [W)fl~r,,tlg = 0 - [wm 
=oc>I[u(t)flgdcc=Oo(f,P,,(t)g) =o. I 
The following is the uniqueness part of the classical Perron-Frobenius 
theorem. We omit the proof (e.g., Gantmacher [6]). 
LEMMA 4.4. Let A be a positivity improving operator and suppose 
Ij A Ij is an eigenvalue. Then the associated eigenspace is one-dimensional 
and the eigenvector is strictly positive (up to a phase). 
We have proved the following theorem. 
THEOREM 4.5. Let P,,(t) b e a standard positivity preserving semi- 
group such that the function 1 is the only L, function invariant under 
P,,(t). If H, the generator of an FKN semigroup P(t), has a ground 
state then it is unique. 
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II. HYPERCONTRACTIVE SEMIGROUPS 
5. Hypercontractive Estimates 
In what follows let P,(t) = e- lHo be a standard positivity preserving 
semigroup on a probability space M, and let ((Q, Z, p), L’,, , U(t), R) 
be its generalized path space. The norm of an operator A from Lp 
into Lp will be denoted by /I A IIP+q . We also define I/f/j, = 
csIflpw ’ 1 P and Lp = (f: Ilfl/, < a~> for 0 < p < 00. Given an 
index p, we will denote the dual index by p’: (l/p) + (l/p’) = 1. 
DEFINITION 5.1. The semigroup P,(t) is said to be hypercon- 
tractive if there exists a constant m > 0 such that 
II P&II,+, G 1 if (p - l)/(q - 1) 3 e-2mt for all 1 < p, q < co. 
Remark. (i) More generally, jl Po(t)llpq < 00 if t > T( p, q), and 
only certain properties of the function T( p, 4) are required in what 
follows, but for convenience we assume the above, which holds in 
all the models considered to date. Segal [27] has considered such 
more general cases. 
(ii) Notice that PO(t)1 = 1, so if 11 P,(t)lI,, < 1 it is actually 
equal to 1. 
P,,(t) will henceforth be assumed hypercontractive. 
PROPOSITION 5.2 (Guerra, Rosen, and Simon [15]). 
(i) II E,+JJ, Ilp+p < 1 if (p - I)($ - 1) 3 e--2mt. 
(ii) Let F be a measurable function on (Q, 2, p). Then 
II 4+&S IL < II F 110 if [(Pits’) - M4’lS’) - 11 2 e-2mte 
If p = q = 2, p > 2/(1 - e-m1). 
(iii) Let t, < t, < .a* < t, , ti - tipI = t for i = l,..., 71. Let 
Fi be measurable with respect to .ZIC1,-l,t,l . Then 
llF$‘2 -*F, 111 G fi IlFi /12,~~-e-mt~ . 
i=l 
Proof. (i) E,E,, = U(t) E,U(-t)E, = U(t) P,,(t)E,. As U(t) is a 
contraction on all L, , the result follows from Definition 5.1. 
(ii) Follows from (i) and Holder’s inequality. 
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Now use (ii). 1 
Remark. (ii) and (iii) show that hypercontractivity gives an 
improvement of Holder’s inequality. Without hypercontractivity we 
would have obtained 
(ii)’ ‘I &+P& /l17-q < IIFII, if [(P/r’) - ~1[(4,‘Y’) - II 2 1, 
(iii)’ I/ F,F, *.* F,, Ii1 < fi I/ Fi /I9 . 
i=l 
The hypercontractive bounds of Proposition 5.2 can be used to 
obtain preliminary conditions on the FKN kernel (F~,,J}, ensuring 
that the FKN semigroup P(t) is bounded on L, . 
THEOREM 5.3. Let p(t) = 2/(1 - e-ml). Then 
(i) If there exists a T > 0 such that FK,,*J ELM , then 
II J’(We < 00 and there exists a self-adjoint operator H on L, bounded 
from below, such that P(t) = eetH. 
(ii) If there exists a T > 0 such that FL~,~I E Lp(T)+r for some 
E > 0 then II P(%2+r, < 00 for some r] > 0 and all t > T, and 
H has a ground state. 
Proof. (i) follows directly from Proposition 5.2(ii) and Theorem 2.7. 
(ii) follows from Proposition 5.2(ii), for if /3 = p(T) + E and p = 
Q = 2, then [(p//3’) - I][(q’//?‘) - l] > e-2mT, and so there wiil 
exist a q’ < 2 so the inequality still holds; i.e., there exists an 77 > 0 
such that jl E F T ~IJ% ILz+~ G IIFm-I IIp(T)+e. The existence of a 
ground state then follows from a result by Gross [13]. 1 
6. FKN Kernels of the Form exp(-Jt V(s) ds) 
Let V EL@, ZO , II) for some p, 1 < p < co, V(s) = U(s)V. 
Then JL V(s) ds E L,(Q, 2 
of Jz V(s) ds.) Let 
[a,~] , p). (See Lemma 3.1 for a discussion 
F LQA = exp(-.f~ WI h). Then PLGI) clearly 
satisfies conditions (ii) to (v) of Definition 2.2. We want now to 
impose requirements on V to guarantee condition (i) of Definition 2.2 
and the hypotheses of Theorem 5.3. To obtain the necessary estimates, 
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Jensen’s inequality plays an important role. We give a proof of this 
inequality in the form we will need it. 
LEMMA 6.1 (Jensen’s inequality). Let G(x) be a convex diflerentiuble 
function on the real line, and let v be a probability Baire measure on 
the real line. Let A be a measurable function on (8, Z, CL), A(s) = U(s)A. 
Suppose 
(i) A is either 20 and J dv(s) A(s) is Jinite a.e. or A E Lp for 
somep, 1 <p < co; 
(ii) G(A) is either 30 or G(A) EL, for some p, 1 < p < CO. 
Then G(J dv(s) A(s)) < J dv(s) G(A(s)). 
Proof. Conditions (i) and (ii) plus Lemma 3.1 give the existence 
of the integrals. As G is convex and differentiable, G(x) > 
G(x,) + G’(x,)(x - x0) for every x and x,, . Thus, pointwise, if B is 
another measurable function, G(A(s)) > G(B) + G’(B)(A(s) - B). 
Choose B = Jdv(s) A(s). Then J dv(s) G(A(s)) > G(Jdv(s) A(s)). 1 
THEOREM 6.2. For every p, 1 < p < GO, and t > 0, 
Proof. It clearly suffices to take a = 0 and p = 1. 
(i) By Jensen’s inequality (Lemma 6.1), 
exp(-[ V(s)&) < fJO’dse+ro). 
It follows that 
/Iexp(-Jot V(s)ds)ll, <~~ile-tV(8)i/,ds = IIe-tvII1. 
6) jl ~XP (-[ ~(4 ds)lil = I/ fi exp ( -Jiy;t,n ~(4 ds)il, 
G II exp c-j)‘” W) ds)I:i(~~e~ml,:) 
by Proposition 5.2(iii). By (i), it is < 11 e-v II:2t,n),(1-e-mt,n) . Taking 
the limit as n + CO yields the result. 1 
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THEOREM 6.3. Let V and e-(2/m)Y E L,(M). Then 
(i) F[,,,] = exp(-Jl V(s) ds) is an FKN kernel. 
(ii) If P(t) is th e associated FKN semigroup, 
II W)l12-2 G II e-vl/ih for all t 3 0. 
Thus there exists a self-adjoint operator H on L,(M) such that P(t) = 
e-I*, H > --In 11 e-v 112/,,L . 
(iii) -rf e-(2/m)v ELI+, for some E > 0, then there exists 7 > 0 
and T > 0 such that !/ P(t)lj2+2+,, < co for t > T. In particular, H 
has a ground state. 
(iv) If V E L1+, for some E > 0, then H is a self-adjoint restriction 
of the form sum of H,, and V. 
(v) If V E L2+ for some E > 0, then H0 + V is essentially 
self-aa!joint and H = (H, + V)-. In fact &(H,,) n L@(V) is a core 
for H (&‘(H,) are the analytic vectors for H,,). 
Remark. Conclusions (ii) to (v) of the theorem can be obtained 
from the results in Segal [27], using our particular form of hypercon- 
tractivity (Definition 5.1). 
Proof. (i) By Theorem 6.2(ii), )IF[a,bl /jr < j/ e-v [I$,, < CO. It 
suffices thus to showF[,,,j --+Fc~,~I inL, as c + b. Let V = V+ - VW , 
where V+ , V- > 0 with disjoint supports. Then e-“+ and ev- E L,l, . 
Moreover, exp(-s,d V(s) ds) < exp J% V-(s) ds < exp J%’ V-(s) ds if 
d < d’, and as before, 11 exp Jz’ V-(s) ds II1 < I\ ev- 11::;’ < co. By 
dominated convergence it suffices to show exp(--fe, V(s) ds) + 
exp(-Jt V(s) ds) pointwise. This follows, since 6 V(s) ds --+ 0 point- 
wise as c + b, by the remark after Lemma 3.2. 
(ii) First assume e-(2/m)v E L1+E for some E > 0. Then 
where we used the Markov property, Proposition 5.2(ii), and Theo- 
rem 6.2(ii). 
.580/20/r-5 
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AS 
for n large enough, 
and 
II e-v IIt (2t/n)/&-e-~t’9 - II e-vIl:,m. 
Let us now assume only e-(2/m)” EL, . Then we can approximate Y 
by V, , where 
v,= v 
I 
if V 2 -71, 
-n otherwise. 
Then esVm EL, . As exp(-JA V,&) dc) f exp(-Ji V(s) Q!.s) pointwise, 
II WI 242 < II e-v llz”h . The strong continuity follows as in Theo- 
rem 2.7. 
(iii) By Theorem 5.3(ii), it suffices to show there exists a 
T > 0 such that FL,,~I E LpcT)+* for some 8 > 0. Now 
by Theorem 6.1(i). But tp(t) = t2/(1 - eernl) + 2/m as t --t 0. Thus 
there exists T > 0 such that T[p(T) + S] < (2/m)(l + E). (iv) and 
(v) follow from the following two lemmas. 
LEMMA 6.4. Let V ELJM) and assume exp(-Ji V(s) &) is an 
FKN Kernel such that P(t) = E,U(-t) exp(-JL V(s) ds)E,, = eWtH, 
where H is a self-adjoint bounded below operator. If 
(i) there exists a 
exp(-Ji V(s) ds) EL, 
t, > 0 such that for 0 < t < to, 
and is continuous in L, as a function of t, and 
(ii) exp(-Ji V(s) ds) EL, for some T > 0; 
then 
(1) if (l/p) + (I/r) + (l/q) = 4, then H,, + V is essentially 
self-adjoint, H = (H,, + V)-, and Lsz(H,) n 9(V) is a 
core for H; 
(2) if (l/p) + (l/r) + (2/q) = 1, then H is a restriction of the 
form sum of H,, and V. 
Proof. We follow the argument in Guerra, Rosen, and Simon [15], 
which depends on Segal’s use of Duhamel’s formula (Segal [26, 271). 
We will prove (1). The proof of (2) is analogous. 
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First notice that for t < t, , 
in L, , where l/s = (l/p) + (l/r). Let 9 = e+‘L&M). Then 9 is a 
core for H, and 9 CL,(M), by (ii), so 9 C 9(V). 
Iffc 9, [exp(-Ji Y(s) ds) - l]f = -Ji V(s) exp(-Ji Y(Y) dr) ds f 
in L, . Then 
e-tHf - e+Y = E,u(-t) [exp i-j’ v(~) A) - i] f 
0 
zz2 -EoU(-t) f,” V(s) exp i--Jb” V(r) dr) dsf. 
Since V(s) -+ V in Lp as s + 0, and exp( -Ji V(T) dr)f is an L,-valued 
continuous function of s, it follows that g(s) = V(s) exp(-J: V(r) dr) 
is an L,-valued continuous function of s, such that g(0) = Vf. Thus 
as U( - t) + 1 strongly in L, , (e--1Ho - l)f/t + Hf - VJ Therefore 
f E 9(Ho) and Hf = HOf + Vf for f E 9. 
To show that &‘(H,) n 9(V) is a core for H, we follow Simon 
[35]. Notice first that e-W@ C &(H,) n 9(V). Now, let f E 9. Then 
t = e-(l/.fi)HofE &(H,,) ? 3(V) yndfn ---f f, H,,fn + H,f and Vf, -+ Vf 
as e-tHo is strongly contmuous m all Lfl , 1 < p < co). 1 
LEMMA 6.5. Let V E L,(M) for some p, 1 < p < co, and e--Ev EL, 
for some E > 0. Then (i) and (ii) of Lemma 6.4 are satisjed for any 
Y and q. 
Proof. First notice that exp( -J: V(s) A) EL,,, by Theorem 6.2(i) 
and c/t 4 CO as t --+ 0. To show that exp(-$, V(s) ds) is continuous 
in L, for 0 < t < E/Y, just repeat the argument in part (i) of 
Theorem 6.3. 1 
7. Highly Singular Perturbations 
In this section we consider FKN kernels which are not necessarily 
of the form exp(-Jl V(s) ds), b u are limits of such kernels. The t 
perturbation V in this case may not be an operator. The Feynman- 
Kac-Nelson formula is suited to certain perturbations of this type 
and several examples will be given in the last part. These results 
go beyond those obtainable using only hypercontractive arguments 
without path space (Segal [26, 271; Simon and Hoegh-Krohn [37]). 
We need the following estimate due to Guerra, Rosen, and Simon 
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[16], which, for large t, is an improvement over Theorem 5.3(i) 
where p(t) L 2 as t -+ co. 
THEOREM 7.1 (Guerra, Rosen, and Simon [16]). Let V E L,(M) 
for some p > 2, and e--(2/m)v E LI+E for some E > 0. Then for any 01 > 1, 
Proof. We sketch the proof in [16]. By Theorem 6.3(v), H,, + V 
and H,-, + (1 - 8)-l V are essentially self-adjoint for 6 small enough, 
and thus 6H,, + (1 - 6){H,, + (4 - S)-IV) is essentially self-adjoint 
and its closure equals the closure of H,, + V. By Segal’s trick ([26], 
Simon and Hoegh-Krohn [37]), 
11 e-t(Ho+V’- 
112-2 9 II e- 
t(8 2)H~e-t[(l--6)Ho+Y]-e-t(6/2)X 
’ o llz+e 
< /I e-t(8/2)Ho l/1,3+2 11 e-t[(l--G)Ho+Vl- j14+4,3 11 e-t(8/2)4 j12+4 . 
By the hypercontractivity of e- lHo the first and last factors are equal 
to 1 if t > In 3/m& and by the positivity preserving and self- 
adjointness properties of e- [ t (L--G)Ho+Vl- plus the Riesz-Thorin theorem, 
one can show that [16] 
< (1, e--2t[(1--6)Ho+Yl-1)1~2 = I! exp (- & rue8’ V(S) A)ii:‘“. 
If we take T = 2(1 - S)t, a = l/(1 - a), and use ]I P(t)l/2+2 = 
II Wlli/,8, 3 we get the desired result. 1 
THEOREM 7.2. Let {F~,,,J} be an FKN kernel and suppose there 
exists a sequence V, E L,-(M), p, > 2, with e-(2/m)vn E L1+,, , E, > 0, 
such that 
and ei;;; exP(--S: V&) d ) s converges to FL,,,] in L, for all a and b 
(ii) there exist 01 > 1 and T > 2 In 3/m(oI - 1) such that 
II exd--S~ K(s) 4L is uniformly bounded in n, or 
(ii)’ there exist cy. > 1 and T > 2 In 3/m((u. - 1) such that 
exp(-Ji V,(s) 4 - FrO.T~ in La . 
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Then the associated FKN semigroup P(t) = E,,U( -t) F[,-,,&, is a 
strongly continuous semigroup on L,(M) such that 
II WN 24 G ll%,Tl Ir < ca 
for any /I such that 
2 In 3/m(o1- 1) < 2 In 3143 - 1) < T 
and P(t) = eefH f OY a self-adjoint operator H, bounded from below. 
Moreover, if P,(t) = E,,U(- t) exp( -Ji VJs) ds)E,, , P,(t) converges 
strongly to P(t). 
It suffices to prove the theorem for (ii), the case (ii)’ being similar. 
We will need the following standard lemma. 
LEMMA 7.3. Let M be a measure space and suppose f, -+ f in 
L,(M) and the f, are uniformly bounded in L,(M) for some p > 1. 
Then f,, -+ f in L,(M) f or all q satisfying 1 < q < p and f E Lp . 
Proof. It follows from 
i,g,,; = /, lg /(P-d/b-l) Ig p-lh!b-1) /,l 
< (IgfP--4)/lP-l) 
Ilb-lMx4 I/da-l)P'cP-l) hu-1)/&l) 
= ,/g ,lp-aMs-l) ,Ig I,~-lh/(P-l)~ 
f E Lp by Fatou’s lemma. 1 
Proof of the theorem. Let f,gEL(W. Then <f, P,(Og> - 
(f, P(t)g) by the L, convergence of the FKN kernels. By Theorem 7.1, 
for 
II Pn(t)ll 2+2 < 11 exp (- iT V,(s) h)l[rT 
2 In 3/m(or - 1) < 2 In 3/m@ - 1) < T. 
By Lemma 7.3, exp(-Ji V,(s) ds) converges to FIFTl in L, , and 
thus It P(t>ll 2+2 G Il~kl.TI Ils ‘IT. The strong continuity of P(t) follows 
as in Theorem 2.7. From the weak convergence of P,(t) to P(t) 
in L, and the fact that the norms are uniformly bounded, it follows 
that P,(t) -+ P(t) weakly in L, and thus, by the semigroup property 
plus the uniform bounds, strongly. 1 
Remark. If FIO,T~ ELptT) , p(T) = 2/l - e-mr for some T > 0, 
and there exist Vn’s as in the preceding theorem such that 
exp( -Jo’ Vn(s) ds) + FL~,~J in LptT) , then P,(T) converges in norm 
to P(T) (directly from Proposition 5.2(ii)). 
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COROLLARY 7.4. Sup$me Fra,bl = exp(-i-E V(s) ds) is an FKN 
kernel. Let (II > 1. Suppose either 
(i) V E L,+,(M) and exp(-Ji V@(s) ds) EL, fiw some T > 
2 In 3/m(1x - I), or 
(ii) V E L,(M) and exp(Ji V-(s) ds) EL, for some T > 
2 In 3/m(o1 - l), w h eye V- is the negative part of V. 
Then there exists a self-adjoint operator H in L,(M) such that P(t) = 
emtH and 
or 
H > - (l/T) In 11 exp (-LT V(S) ds)il. 
H 3 - (l/T) ln 11 exp iT V-(s) ds /la , 
respectively. 
Proof. Let 
in case (i); 
v,= v 
I 
for V 3 -71, 
0 otherwise, 
for 1 V 1 < n, 
otherwise, 
in case (ii). 
Then 7, is bounded and V, E L2+E and clearly satisfy the conditions 
in Theorem 7.2, with 
// exp (-[ V&l ds)i/. -+ I/ exP (-JOT W ds)/l, 7 
Ii exp & p,,-(s) ds 11 
a 
-+ 11 exp iT V-(s) ds 1) T 
G 
respectively. 1 
PART 2. APPLICATIONS 
III. QUANTUM MECHANICS 
8. The Schrcdinger Equation with Positive Potentials 
Let us consider the measure space (W, d”(x)) and the free Hamil- 
tonian H,, = --A. Let P,(t) = e ld, t > 0. It is well known that P,,(t) is 
a standard positivity preserving semigroup on (w, d”(x)). The 
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construction of Theorem 1.8 leads to Wiener measure (e.g., Nelson 
[24]). The FKN semigroup P(t) = e-lH is then given by the usual 
Feynman-Kac formula (e.g., Ginibre [7]): forf, g EL,@“, d”(x)), 
(fi e-""g> = jf(dtN exp (-jot Q(s)) ds)~fdW 4 
zz.z j f (Y + x(t)) exp ( -jof VY + 49) ds) g(y) dw d"b9, 
where we have written q(t) = y + x(t), x(0) = 0, and w is then 
the usual Wiener measure on paths x(t) such that x(O) = 0. Theo- 
rem 3.4 now becomes 
THEOREM 8.1. Let V be a positive measurable function on W. 
(i) If V E L&T@, d”(x)) for some p 3 2, then -A + V is 
essentially self-adjoint on -Qz( -A) n 9(V) and 
e-t(-d+Y)- = E,U(--t) exp (-It V(s) ds) E, . 
0 
(ii) If V EL&W, d”(x)) f or some p > 1, then the generator H 
of the Feynman-Kac semigroup is a self-adjoint restriction of the form 
sum of -A and V. 
Remark. (i) was proved by Simon [35] (see also Faris [4] and 
Semenov [32]), using the hypercontractivity of -A + x2 + 1. 
Actually Simon showed that -A + V is essentially self-adjoint if 
V E L,( Iw”, e-e”“d”(x)) f or some c > 0. Theorem 6.3 leads to a simple 
proof of the slightly weaker result: 
THEOREM 8.2. If V > 0 and V E&+JW, ercZ2dn(x)) for some 
E > 0 and c > 0, then -A + V is essentially self-adjoint. 
Proof. We can take c = 1. Let H,, be the Harmonic oscillator 
Hamiltonian (-A + x2 - n)- and let W = V - x2. The ground 
state of H, is (T)-~/~ e- ‘1 z 2. If this ground state is represented by 
the function 1, the Hilbert space becomes L2(Rn, T-“e-zadm(x)) and 
e-tHo is hypercontractive [20, 8, 261, with m (of Definition 5.1) equal 
to 2 [23]. Then IV E L2+~([WR, r-“re-z2dn(x)). Let W, = V - hx2 for 
0 < h < 1. Then W, E J&+#FP, wne&dm(x)) and e-wn < eAsz EL, = 
L 2lm 9 so Theorem 6.3 applies. Thus H, + IV, is essentially self- 
adjoint on e-l(Ho+WA)I,([W”, r- ne-z2dn(x)) C B(H,) n g(V) n 9(x2) 
(see proof of Lemma 6.4); i.e., (-A + x2 - n)- + (V - Xx2) is 
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essentially self-adjoint on g((---d + x2)-) n s(V) n 2(x2). Finally, 
(-4 + x2 - n)-, --d, and x2 are all essentially self-adjoint on the 
set of infinitely differentiable functions with compact support and 
Lemma 8.3 below shows that 9 = g((-A + x2)-) n 9(x2) C 9(---d) 
and ---A = (-A + x2)- - x2 on B. Thus 
HO+ W, = --A + V-72+(1 -h)x20n9(HO)n.9(V)n~(x2) 
and is essentially self-adjoint on that domain. Thus (H,, + IV,,)- > --n 
and so 
1 j [U(Qfl exp (-jot WA(s) ds) g 4 / = ICL e-t(H~+W~)-kS4 G Ilfll2 Ilg 112@- 
It follows, by monotone convergence, that 
G /I W)f I exp ( -joi W(s) ds) I g I 4 G II f II2 II g II2 en*. 
Thus (exp( ---]I W(s) ~5)) is an FKN kernel (exp(-c W(s) ds) E& 
by the above argument and the rest follows as in the proof of 
Theorem 6.3) and if P(t) is the associated FKN semigroup, 
II P(t)ll 2+2 < ct. Hence P(t) is of the form eetH by Theorem 2.7. 
Since e--SW < erz* EL, for any E < 1, Lemmas 6.5 and 6.4 apply 
and H = (Ha + IV)-. It follows, by the same argument as for 
H,,+ W,,thatH,,+ IV= --A + V-non9(H,,)n9(V)n9(x2) 
and is essentially self-adjoint on that domain. i 
LEMMA 8.3. Let A be symmetric, and B self-adjoint, and suppose 
that 9 = 9(A) n 9(B) is a core for B. Then ~2~ = 9((A + B)-) n 
S@(A) C 9(B) and B = (A + B)- - A on gl. 
Proof. Let f E 9, g E 5@r. Then (Bf, g) = ([(A + B)- - A] f, g) = 
<f, [(A + B)- - 49. S ince 9 is a core for B, this holds for all 
f E 9(B). This implies g E 2(B) and Bg = [(A + B)- - A]g. 1 
Remark. Recently Kato [19] has shown, using distributional 
inequalities, that if V is positive and locally in L,([w”, d”(x)), then 
-A + V is essentially self-adjoint. 
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IV. QUANTUM FIELD THEORY 
9. The Free Hamiltonian 
Euclidean fields were introduced by Symanzik [39] and developed 
on a rigorous basis by Nelson [21-231. In Nelson’s approach the 
Euclidean fields correspond to the generalized path space for the 
relativistic fields. We will follow Nelson’s approach and construct 
the Euclidean fields (i.e., the generalized path space) and from it 
obtain the relativistic fields and the free Hamiltonian (see also [15], 
the Erice lectures [3], Simon [36], Klein [18]). 
DEFINITION 9.1. Let X be a real Hilbert space. The free field 
over 2 is the isonormal process q5 over Z’, i.e., the Gaussian stochastic 
process indexed by Z with mean zero and covariance given by the 
inner product in X (Segal [28]). In other words, if (Q, .Z’, p) is an 
underlying probability space for the process, J+(f) dp = 0 and 
SW> 4(g) dr-L = (f, g> for f, g E *. 
DEFINITION 9.2. The one particle space F for a free relativistic 
Bose field with mass m > 0 in n space dimensions is the completion 
of the pre-Hilbert space Y(llP) with the inner product 
(f, g)F = (f, B (-A + m2)-““g>, 
where ( , ) is the ordinary L, inner product and A is the n-dimen- 
sional Laplacian. The one-particle space N for the free Euclidean 
field with mass m > 0 in n + 1 Euclidean dimensions is the com- 
pletion of the pre-Hilbert space Y(EP+l) with the inner product 
where A is the (rz + l)-dimensional Laplacian. There is a natural 
injection i from F into N given by (jf)(x, s) = f(x) 6(s). i is an 
isometry and its range consists precisely of those elements of N 
with support in the hyperplane s = 0 [23]. 
The free relativistic Bose field (at time zero) +0 with mass m > 0 
in n space dimensions is the free field over F, (the subscript r denotes 
the subset of real “functions”) and the free Euclidean field + with 
mass m > 0 in n + 1 Euclidean dimensions is the free field over N, . 
Let (Qs , A’,-, ps) and (Q, Z, p) be the corresponding underlying 
probability spaces. Then j induces an imbedding J of Lm(Q,, , Z,, , pO) 
into L&Q, Z, p). Th us if we identify A’,, and JZO we can take (Q, &, , p) 
for (Qo , &, 1-4 and ddfW = NW W). 
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The inner product in N is invariant under the action of the 
Euclidean group on OP+l. This induces a representation of the 
Euclidean group by automorphisms of L,(Q, Z, CL) strongly con- 
tinuous in measure [23]. Let U(t) be the automorphism corresponding 
to time translation (x, s) t-t (x, s + t) and R the automorphism 
corresponding to reflection (x, s) I-+ (x, -s). 
THEOREM 9.3 (Nelson [23]). ((Q, 2, CL), ZO , U(t), R) is ageneralized 
path space. Moreover, the generator H,, of the standard positivity 
preserving semigroup P,(t) = E,,U( -t)E, is the free Hamiltonian for a 
free relativistic Bose field with mass m > 0 in n space dimensions. 
We will take e&Ho = P,,(t) = E,U(-t)E, , t > 0, as a definition 
of H,, . It is well known that the function 1 is the only function 
invariant under P,,(t). By Theorem 4.2 it is positivity improving 
(see Simon 1341). 
THEOREM 9.4 (Nelson [23]). Ij PO(t)lIp+a < 1 ;f and onb if 
(p - l)/(q - 1) > e--2mi. 
Proof. See Nelson’s lecture in [3] or Gross [14]. 
Remark. The above result gives the “best possible” hypercon- 
tractivity result. A weaker version (P,(t) is a contraction in all Lp , 
1 < p < co, and 1) e--1Ho lj2+4 < w for t large enough) was proved 
by Nelson [20] f or a finite number of degrees of freedom and extended 
by Glimm [8] and Segal [26] to infinitely many degrees of freedom. 
10. The P(+)z Model with a Generalized Space CutofJ 
The P(d)* interaction in two space-time dimensions has been 
the subject of intensive study (see Glimm and Jaffe [lo], Glimm, 
Jaffe, and Spencer in [3]; Guerra, Rosen, and Simon [15]; Segal 
[30, 261; Simon [36] and references therein). The P(qS)z interaction 
is defined in terms of Wick products of fields (e.g., [29]; Nelson 
in 131). If f E N, let :4(f)? b e obtained by applying the Gram- 
Schmidt orthogonalization process to 1, +(f ),..., +(f )“. Let f,(e) = 
f(. - x) and let V, = J :$(fJ? g(x) dx, where g is a positive 
“function.” Then V = J :4(x)“: g(x) dx is defined as the La-limit 
(it follows that it is also the L,-limit, for all p, 1 ,< p < 00) of V, 
as f -+ S, if it exists. This limit exists if ]g(x) S(x - y)” g(y) d2(x) d2( y) 
is finite, where S(x - y) = S+(x) 4(y) dp is the kernel of the operator 
(--d + m2)--1 on L,(tF, d2(x)). This follows if g(x, s) = g(x) 6(s) 
with g E L,([w, dx) for some p, 1 < p < 2 [16]. In this case we write 
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v = J $“(x, 0): g(x) dx. If P is a polynomial bounded from below, 
P = X:0 ukxk, let :P(c#): = x2=, ak:+k: and V = J :P($(x, 0)): g(x) dx. 
Thene-YEL,forallp, 1 <p < co,ifgELrnL,(R,dx), 1 <p < 2 
(Nelson [3, 201). It follows then (Theorem 6.3) that H(g) = H, + V 
is essentially self-adjoint, has a unique (Theorem 4.5) ground state, 
and H(g) > --In II e-’ l12/m . Moreover, from Theorem 7.1, 
s 112 H, 1 -112 
for CY. > 1 and T > 2 In 3/m(ol - 1) and, by Euclidean covariance 
and Theorem 6.2(ii), 
This is the linear lower bound of Glimm and Jaffe [12] (see also 
Nelson [21]). 
We now want to extend these results to a more general type of 
space cutoff. Let v be a finite Baire measure on [w. As before, let 
V, = J :P(+(f, , 0): dv(x) and V = f :P($(x, 0)): dv(x) be its formal 
limit as f + 6. If J S(x - y, 0)212 dv(x) dv(y) < co, (*), we can define 
V = J :P($(x, 0)): dv(x) as the &-limit (for all p, 1 < p < co) of V, 
as f + 6. (Notice that (*) implies J S(x - y, O)m dv(x) dv(y) < co 
for all m < 2n. Ref. [16] h as an equivalent norm in which this is 
evident.) However, (*) is not enough to show e-v EL, by Nelson’s 
method [20]. We now want to show that H,, f V is still essentially 
self-adjoint. 
THEOREM 10.1. Let v be a finite Bake measure on R, and let 
V = J :P(#(x, 0)): dv(x). 
(i) Then Ho + V has a natural de$nition by the FKN formula 
as a self-adjoint bounded from below operator H with a unique 
ground state. Moreover, if Vr = J :P(+(fz , 0)): dv(x), then H, + V, 
is essentially self-adjoint and e-t(Ho+vf)- + e--1H in norm. 
(ii) If J S(x - y, 0)2n dv(x) dv(y) < co, where 2n is the degree 
of P, then V ELM for all p, 1 < p < CD, and Ho + V is essentially 
self-adjoint on &(H,,) n L3( V). 
Proof. 
r ’ : I’(#, s)) : ds EL, forall 1 <p< co, -cl 
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and thus 
II 
b : I’(#, s)) : ds dv(x) EL, for l<p<co 
a 
(Lemma 3.1 and Euclidean covariance). 
Let 
%,bl = exp (-/jab : P(c&, s)) : ds dv(x)). 
Then {$‘[,,,I} is an FKN kernel. In fact, by Jensen’s inequality 
(Lemma 6.1) 
Fh,td d ~Iexp(--v(Iw)Jhb:P(~(~,s)):ds)d~(s), 
and thus 
By Nelson’s estimate [20], 
I( exp (--v(R) 1” : W@, 4) : ds)ll, < 00, 0 
for all p, 1 < p < co, and so FI,,~~ E Lp for 1 < p < co. Moreover 
Nelson’s estimate shows that the Lp norm is uniformly bounded 
for a, b bounded, so the continuity of F~,,,J in Lp as a function of b 
follows from 1 e-3 - e-g 1 < 4 j x - y 1 1 e-% + e-g 1 and Holder’s 
inequality. The other conditions of Definition 2.2 are obvious. 
As 11 FL,,,, II E Lp for all p, 1 < p -=c cc, it follows from Theorem 5.3 
that the associated FKN semigroup P(t) is bounded in L, and P(t) = 
e--lH, where H is self-adjoint bounded below with a unique ground 
state. 
Ho + V, is essentially self-adjoint as I’, is bounded from below 
and in Lp for all p, 1 < p < co (Theorem 3.4). By the same methods 
one can show exp(-]i Vf(s) ds) -+ exp(-]i V(s) ds) in all L, for 
1 < p < co, and thus e-t(Ho+“f)- -+ e--1H in norm (see remark after 
Theorem 7.2). 
addition, 
s :&(x:no): dv(x) 
S S(x - Y, O)2n d”‘4td~h;; ;ozws ;;z 
is in Lp for all p < co. 
Lemma 6.4 that Ho + V is essentially self-adjoint on &(H,) n 
~v7. I 
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COROLLARY 10.2. H, + :P(+(O)): has a natural definition us a 
self-adjoint bounded from below operator H with a unique ground state, 
&fined by 
ctH = &U(-t) exp (-jot : P(+(O, S) : &J -EO .
Proof. Take v = &function in Theorem 10.1. 1 
For a discussion of H,, + 4(O) see Klein [18]. 
COROLLARY 10.3. LetgEL, ,g 20. Then H, + J:P(+(x, O)):g(x)dx 
has a natural definition as a self-adjoint operator boundedfrom below with 
a uniqueground state. If moreover, J S(x - y, 0)2n g(x) g(y) dx dy < GO, 
where 2n is the degree of P, then H,, + s :P(+(x, 0): g(x) dx is essentially 
seEf-adjoint on &‘(HJ n 9(J :P(+(x, 0)): g(x) dx). 
Proof. Take dv(x) = g(x) dx in Theorem 10.1. i 
Remark. Guerra, Rosen, and Simon [16] have conjectured that 
I’ S(x - Y, 0)2n g(4 g(y) dx 4 < ~0 
is enough for H,, + J :P(+(x, 0): g(x) d x o t b e essentially self-adjoint, 
and they proved it for g E Lp , 1 < p < 2. Corollary 10.3 is another 
partial answer to this conjecture. 
11. V = h JA :4(x, 0)2: d2(x) in Three Space-Time Dimensions 
In three space-time dimensions the two-point function is 
d3(P) eiP.(x--Y) s(x -39 = j -@jcp2 = 
e-4X-Yl 
45-r 1 x - y7 . 
Since So is not locally integrable when restricted to the time- 
zero two-dimensional surface, V = h JA :4(x, 0)2: d2(x) is not a 
well-defined measurable function. However, for suitable functions g, 
s:, ds J d2(x) g(x)$(x, s)? will be a measurable function in Lp for all 
p < w. The proof of Theorem 10. I may be applied to conclude that 
H,, + I’ (defined by the FKN formula) is self-adjoint and bounded 
below. Because the interaction is quadratic, more detailed estimates 
can be obtained and we give an alternative approach here. 
LEMMA 11.1. Let h(x) 3 0. Then 
11 exp (-1 d3(X) h(x) : d(x)” :)il, < exp 3 /I j dxh : 4” : i& . 
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Proof. Let e,(x), i = l,..., n be a set of real functions satisfying 
Then {#,) = 6, , where C& = J+(X) ei(x) dx. Let E be the con- 
ditional expectation with respect to the algebra generated by 
the functions {&}, i = l,..., n, and let F denote the function 
J d3(x) h(x)$(x)z:. Then EF = Ctj-1 cij:~idj:. Diagonalizing this 
expression, one has EF = SE1 K,:&“:. The numbers Ki are 30, since 
ki = +(:#iz:F) = 
The norm 11 exp(-c=, Ki:#i2:)\lr 
Gaussian integral giving 
fi ek’l(l 
I d3(X) 4aMw2. 
can be explicitly evaluated as a 
+ 2ki)1’2, 
which is 
Thus we have 
If we take a complete orthonormal set of functions ei , then EF will 
converge to F in L, (and therefore in all Lp , p < co). This together 
with the uniform bound (*) shows that e-EF converges in all Lp , 
p < co, to e-F. Thus the bound (*) implies that 11 e--F /jr < 
exp QIIFl12. I 
Theorem 7.2 leads to the following estimate on the energy. 
THEOREM 11.2. 
ff,+q :cgq0)2:d2(x) > -&IAl, 
A 
where I A I is the Lebesgue measure of A. 
Proof. 
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Theorem 7.2 implies 
H, + X f, : 4(x)” : d2(x) > --a j A 1 A”;(874 for any cy > I. i 
12. The Finite Volume #“tj Interaction in Two Space-Time Dimensions 
Let #, 41 be two scalar relativistic free Bose fields of mass M and m, 
respectively. Let H, = Ho4 @ 1+ I @ Ho6 . Then e-tHo is hyper- 
contractive with constant (of Definition 5.1) m, = minimum of M 
and m. We consider the #“c$ interaction in two space-time dimensions. 
In order that the Hamiltonian be bounded below it is necessary 
to add a 4” term to the interaction (various alternative counterterms 
could be used instead of #“). This can be seen by a heuristic con- 
sideration of the Hamiltonian density 
The “potential term” &[m2+2 + My=} + A$24 + r$” can be written 
in the form 
[17 - G2/2m2)1 *” + SM2$2 +8m2[+  (V2/m2)12, 
which is bounded below if 17 >, h2/2m2. It will be shown that the 
condition 7 > X2/2m2 is sufficient for the essential self-adjointness 
of the finite volume Hamiltonian. In order to obtain the existence 
of a ground state, the linear lower bound on the energy, and all their 
consequences, we will impose the stronger requirement 7 > h2/2mm, . 
A discussion of the #“c$ model will be given within the Euclidean 
framework. Henceforth # and + will denote the Euclidean fields 
corresponding to the appropriate relativistic fields. Associated with 
the field z/ is the Gaussian measure d# with mean zero and covariance 
Wx - Y) = .f VW ICl(r) d#. Similarly, S(x - Y> = J&4 #J(Y) d$. 
Let Ek denote the conditional expectation with respect to the 
algebra generated by functions of the form J$(x, 0) h(x) dx, 
s \L(X> 0) 44 d x, where the Fourier transform R(p) has support in 
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[--A, K]. Define the field&(f) = E&f). Then :&(f)? = E&cf)?. 
Similarly for I/I~ . The corresponding covariances are &(x - y), 
%(x - Y). 
Let 
V = X j : 4(x, 0)2 : 4(x, 0) h,(x) dx + 7 j : 4(x, O)* : h,(x) dx. 
V, = corresponding expression in I+&, C& . 
PROPOSITION 12.1. If h, E Lp, for some pi satisfying 1 < p, < 2, 
then V E Lp for all p < CO, V, = E,V, and there exists an 01 > 0 
such that 11 V - V, iI2 < ~k-~. 
Proof. By a standard argument it is enough to show that 
j h,(x)S(x-y,O)R(~-y,O)~hl(y)dxdy -=c ~0, 
s h,(x) Ri(x - Y, O)* h,(y) dx dy < ~0, 
and these inequalities are implied by the conditions in the proposition 
(see [161). I 
THEOREM 12.2. Let 
V’7) f : #(x, O)* : g(x)” dx + h j : $(x, 0)2 : 4(x, O)g(x) dx, 
where g EL, n L3, for some p, 2 < p < 4. Then 
(i) e-v EL, if 7 > (X2/4m) p, 
(ii) exp( -Ji V(s) ds) E Lp if 7 > (h2/2m2) p. 
Proof. By Proposition 12.1 V E Lp for all p < 03. It is clearly 
sufficient to consider p = 1. We proceed to estimate 11 e-v [I1 by 
integrating out the + variables. (We justify it at the end of the proof.) 
We use 
j exp (1 +4x, O)f(x) dx) 4 = exp t /f(x) &4x - Y, O)f(y) dx dy, 
which follows since +k is Gaussian, and 
SfCx) &4x -Y, O)f(y) dx dy < & jfW2 dx, 
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(i) j e-“b d+ = exp (-7 j : &(x, 0)4 : g(x)’ dx] 
A2 
x exp 2 
s : #k(T oj2 : g(x) Sk@ - Y, 0) 
x : &(Y, 0)' : g(y) dx 4~ 
< exp (-7 f : A&, 014 : g(x)" dx) 
x exp $1 (: &(x, 0)2 :)“g(x)” dx. 
Since :*,“: = (:I,&~:)~ - ~R,:IJ~~: - 2Rk2, it follows that 
rl f : yik(x, 0)4 : g(x)2 dx - & 1 (: y&(x, 0)2 :)“g(x)” dx 
2 --2?4f(0)2 (1 + F;j) jg(x)“dJc 
> -c(ln k)2, 
if 7 > h2/4m. 
This together with Proposition 12.1 implies (i) by Nelson’s 
estimate [20]. 
(ii) The proof proceeds as in (i) but now one uses 
j f(x) Sk@ - Y)~(Y) d2(4 d2(y) < $ jf(~)~ dx. 
The integration over + which we carried out is justified by the 
following approximation. 
Let 17, be a partition of the interval [-n, n] into na intervals of 
equal length, and let V,,, = Vitk + V$, , where 
v(l) 
k,n = x A;n : $k@i > ()I2 : I,, bkb 0) i?(X) dx, 
z * 
where Ai are the sets in the partition Ii’, and xi is a point in Ai . 
The steps followed in the proof are clearly correct for V,., . Finally, 
the following lemma gives the convergence as n + co. 
580/20/r-6 
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LEMMA 12.3. 
(i) As n -+ 00, V,,, converges to V, in all L,(dt,b d$), p < 00. 
(ii) J d4[ V$]” converges to J d+[ @)I2 in all L,(d#), p < CO. 
(iii) Uniformly in n, 
(iv) j( e-vk.m - e-vk /ID +n.+m 0 for all p < co. 
Proof. Let U(x) denote the unitary operator of spatial translation 
by the amount x. Then q&(x, 0)2: = U(x):&(O, O)2:. By the strong 
continuity of U(x) in all L, , p < CO, we see that for any E > 0 
and p < co there is a 6 > 0 such that 
II : A&, OJ2 : - : h(Y, 012 : 112, < 6 if Ix---y] < 6, 
and similarly for :&(x, O)4:. 
(ii) follows directly from (i) on integrating over 4. 
(iii) The argument is as given in the proof of Theorem 12.2. 
(iv) follows from the Lp convergence of V,,, and the uniform 
lower bound in (iii). i 
COROLLARY 12.4. If r] > h2/2 m2, HO + V is essentially self-adjoint 
and bounded from below. If r) > h2/2mm, , then H,, + V has a unique 
ground state and has a linear lower bound. 
Proof. By Proposition 12.1, V eLZ, for all p < co. From 
Theorem 12.2 eeCV EL, for E < 4mq/X2. If 7 > h2/2m2, then 
exp( -Ji V(s) ds) E Lp f or 
@XP(--Sft V(s) ds)) 
some p > 1. As before, we can prove 
is an FKN kernel, and thus, by Theorem 7.2 
and Lemma 6.4, H,, + V is essentially self-adjoint and bounded 
from below. If 7 > X2/2mm, , e-(2/mo)V E L1+E and we can use Theo- 
rem 6.3. The linear lower bound follows as for the Pi model 
(see Section 10). 1 
Remark. As in the case of the P(4) interaction one may consider 
more general cutoffs for the z/“+ model. The interaction V = 
is such that V is not a well-defined measurable 
exp (-r) it : #(O, s)~ : ds - X lot : #(O, s)~ : $(O, s) ds) 
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defines an FKN kernel FI,,,~ . If q > (h2/4m)p, then F~,,,l E Lp for 
all t, so if 7 > h2/4m, there is a natural definition of HO + I/ via 
the FKN formula by Theorem 7.2. 
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